A note on almost convex operators and saturation  by Cárdenas-Morales, D & Garrancho, P
ELSEVIER 
Available online at www.sciencedirect.com 
SCIENCE C(~ DI R ECTe 
Applied Mathematics Letters 17 (2004) 711-715 
Applied 
Mathematics 
Letters 
www.elsevier.com/locate/aml 
A Note  on A lmost  Convex  Operators  
and Saturat ion  
D. CARDENAS-MORALES*  
Depar tamento  de Matem£t icas  
Univers idad de Ja~n, 23071 Ja~n, Spain 
cardenas  ~uj aen. es 
P.  GARRANCHO 
Depar tamento  de Matem£t ieas  
I.E.S. Albariza, Mengfbar  (Jagn), Spa in  
(Received and accepted June 2003) 
Communicated by P. Butzer 
Abst rac t - - In  this note, we  present a result on the saturation of sequences of linear shape pre- 
serving operators. Specifically, we deal with a sequence Ln of almost convex operators of order k - 1 
satisfying an asymptotic formula, and find the trivial class in the saturation problem of the k th 
derivative of Ln. An application to the well-known modified Meyer-Khnig and Zeller operators is 
also shown. @ 2004 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
This note is inspired by a pioneer work of Bajsanski and Bojanid [1] where, using as basic tools 
the positivity of the classical Bernstein operators B~ and the well-known Voronovskaya formula, 
they found the so-called trivial class in the saturation problem of B~, i.e., they proved that 
if f is a continuous function on [0, 1] and Bnf (x)  - f (x)  = o(1/n) (n ~ oo) holds for each fixed 
x E (a, b) C [0, I], then f is a linear function on [a, b]. The  method of Bajsanski and Bojanid found 
further development in the papers of Amel'kovi~ [2] for the Bernstein polynomials, M/ihlbach [3], 
and Lorentz and Schumaker  [4] for sequences of general positive operators, and very recently 
in [5], where the authors dealt with sequences of k-convex operators. 
In the present paper, we shall extend this technique so that it can be applied to sequences of 
almost convex operators. Before clarifying our aim, we introduce some notation and recall the 
definition of this shape preserving property of the operators which was introduced in [6] and later 
on better exploited in [7,8]. As usual, we denote by Ci(X)  the space of all real-valued and/-times 
continuously differentiable functions on X C R and by D i the ith differential operator (D O is the 
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identity operator). P~ denotes the linear space spanned by eo, • •., e~ where e~ is the polynomial 
e~(t) = t i. Finally, we define H~ := {f E Ci(X) : Di f  > 0 on X}. 
DEFINITION 1. Let k E 51 := {1,2,.. .  } and let I be a compact real interval. A linear operator 
L : Ck( I )  --* Ck( I )  is said to be almost convex of order k - 1 if there exists f~ c {0, 1, . . . ,  k - 1} 
such that for all function f E [']d~u{k} H~, one has that L f  E H~. 
In this note, we state a saturation result (of the type mentioned above for Bn) that finds 
the trivial class in the saturation problem of DkLn, Ln satisfying an asymptotic expression of 
Voronovskaya type and being almost convex of order k - 1 with ~ ~ 0 (notice that the case 
Q = 0, that would involve the k-convexity of the operators, was already studied in [5]). We also 
show an application to the outstanding modified Meyer-K6nig and Zeller operators. 
2. THE RESULT  
Let k E N, let I be a compact real interval, and let L~ : C k (I) -----* C k (I) be a sequence of linear 
operators atisfying the following shape preserving property (H1) and asymptotic formula (H2): 
(H1) for all n E N, L~ is almost convex of order k - 1 with f~ ¢ 0, 
(H2) there exist a sequence ),~ of real positive numbers, and a polynomial p E ]?s strictly positive 
on Int(I) such that for all g E Ca(I),  k + 2-times differentiable in some neighborhood of 
a point x E Int(I), 
lim ;~ (DkLng(x) - Dkg(x) )  = D k (pD2g) (x ) .  (1) 
?% --+ Jc O0 
Now, let us consider the differential equation (see the right-hand side of (1)) 
Lu := D k (pD2u) =- O. (2) 
As p E P3, then e0, e l , . . . ,  emax{1,k-2} are solutions of its own and the change of variable z = 
Dk- lu  allows us to reduce it to the following one of order 3: 
min{3,k} 
Concerning this equation, we consider a last general hypothesis: 
(H3) for any two given points a, b E Int(I) with a < b and for any three given real values c~, fl, % 
(3) has a unique solution z = z(t) satisfying Dis(a)  = a, Dis(b) = fl, and z(a) = % 
Under the assumptions above, we can state the main result of the paper. 
THEOREM 1. Let a,b E Int(I) with a < b. I f  f E Ck(I)  satisfies DkL~f (x )  - Dk.f(x) = o()~ 1) 
at each point x E (a, b), then f is a solution of (2) on (a, b). 
Before proving the theorem, we state three auxiliary results. Lemma 1 is a very direct conse- 
quence of (H2), so we omit its proof. Lemma 2 allows us to extend functions preserving shape 
properties, and finally, Lemma 3 extends [1, Lemma], the key result of the aforementioned tech- 
nique introduced by Bajsansk! and Bojani& 
LEMMA 1. I f  g E Ck( I )  is a solution of (2) on some neighborhood of a point x E Int(I), then 
Dk L ,g(x)  - nk  g(x) = o( ;~1). 
LEMMA 2. Let N~ C I be a neighborhood of a point x E Int(I) and let g E Hk-~ 1 M H~v . Then, 
there exists another neighborhood of x, say/~r, with N~ c N~, and a function ~ E Njef~u{k} H~ 
such that Dk- l~  -- Dk - lg  on ~I~. 
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PROOF.  It suffices to take any  Xl ,X2 ~ N x with xi < x < x2, then choose any  x0 ~ Nx  with 
x0 < Xl, such that D~- lg(x i )  > ((Xl - xo)/2)D~g(xi),  and finally, let ~ ='(z~,  x2) and let 
~ C ~ (I) such that 
where  
{ q(~0), 
Dk_10(t) = q(t), 
D~-~g(t), 
D~-ig(x2) + D~g(xe)(t - z~), 
if t < x0, 
if x0 _< t _< xi, 
if xl <t<x2,  
if z2 ~ t, 
x i  - zo  2 (x l  - so )  
Thu~, ~ c H~ -I n H~. 
Finally, it is easy to guarantee the existence of a polynomial r E Pk-2 such that for 0 < i < k -2 ,  
D~(~ + r) > 0. In particular, ~ + r E [']jeau{k} H~. We rename ~ to be ~ + r and the proof is 
over. 
LEMMA 3. Let h E C1(I). Let a,b E Int(I) with a < b and let g E CI( I )  satisfy g(a) = O, 
Dig(a) = Dig(b) = 0 and for some Xo E (a, b), Dlg(xo) > O. Then, there exist a real constant 
a < 0 and a solution zo of (3) such that for a11 t E [a, b] and i = O, 1, aD~h(t) + D%o(t) >>_ D~g(t), 
and for some y C (a, b) one has that aDIh(y)  + Dlzo(y) = Dig(y). 
PROOF. From (H3), there exists a unique solution of (3), say zh, satisfying zh(a) = h(a), 
Dish(a) = Dlh(a),  Dish(b) = DIh(b). Moreover, the existence of a solution 2 of (3) satis- 
fying D12 > 0, 2 > 0 on [a, b] is also guaranteed. Now we choose e > 0 sufficiently small such 
that Dlg(xo) - e(Dizh(xo) -- Dih(xo)) > 0. Thus, the function 
Dig - e (Dish - Dlh) 
DI~ 
reaches its maximum value on [a, b], say m, at a point y c (a, b). As a consequence e(Dlzh(y) -- 
Dih(y))  + reDlY(y) = Dig(y), and for all t C [a, b], e(Dlzh(t) -- Dlh(t))  + mDI~(t)  > Dig(t). 
Finally, the assertion is valid with a = -e  and z0 = eZh ~- m2. Indeed, it suffices to rewrite the 
previous expressions and observe that for t C [a, b] 
/a s 
ah(t) + so(t) : (aD ih  + Dizo) (s) ds + ah(a) + so(a) > Dig(s) ds = g(t). 
PROOF OF THEOREM 1. From (H3), let zf be the unique solution of (3) satisfying zs(a ) = 
Dk- l f (a ) ,  D lz f (a)  = Dkf(a) ,  Dlzf(b) = Dkf(b). The proof will be over if we prove that 
z f -Dk- l f  =-- 0 on (a, b). Moreover, as z f (a ) -Dk- l f (a )  = 0, then it sumces to prove that Dlz f -  
Dk f  = 0 on (a, b). Assuming the contrary, let x0 C (a, b) such that Dlzf(xo)  -Dk f (xo)  > 0 
(we do not consider the other inequality since the proof runs similarly). Now let w E Ck(I) 
be such that D2w = ek/p on [a, b]. Then, applying Lemma 3 with h = Dk- lw  and g = zf - 
Dk- l f ,  there exist a < 0 and a solution z0 of (3) such that for all t C [a,b] and i = 0,1, 
aDk-l+~w(t) + D%o(t) >_ Diz/(t)  - Dk- I+i f ( t ) ,  and for some y E (a, b), aDkw(y) + Dizo(y) = 
Dlz f (y)  - Dk f(y),  or equivalently, taking u f, uo E Ck(I) solutions of (2) such that Dk- lu f  = zf 
and Dk-lUo = zo on [a, b], Dk- l+i (aw + uo - u¢ + f)(t)  > O, and Dk(aw + uo - uf + f)(y) = O. 
From Lemma 2, there exist a neighborhood of y, Ny c (a, b), and ~ c {')jeau{k} H~ such that 
Dk-lO =- Dk- I (aw + uo - uf + f)  on Ny. Then, using (H1) and evaluating at the point y, 
0 < AnD~LnO(y) = )~nDkL,~ (~ - aw + uo - uf + f)  (y) 
+ ;~D~L~ (aw + uo - uf + f)  (y) - I,~D k (c~w + uo - uf + f)  (y). 
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Now, the restriction of the function ~ - (aw + uo - u /÷ f) to N~ is a polynomial of degree less 
than or equal to k - 2, so from Lemma 1 
Hence, 
hnDkLn (~ - aw + uo - uf ÷ f)  (y) = o(1). 
o(1) <_ AnDkL~ (aw + Uo - u/ + f) (y) - AnD k (aw + i~o - u/ + f) (y) 
= aAn (DkLnw(y) - Dkw(y)) + An (DkLnuo(y) - Dkuo(y)) 
- ~ (DkL~uf(y) - Dkuf(y)) + ~ (DkLnf(y) - Dkf(y)) .  
Finally, using (H2) with the function w, applying Lemma 1 to the functions u/  and u0, and 
recalling the hypothesis of the theorem and the fact that a < 0, one gets the contradiction 
o(i) < ak!. 
3. APPL ICAT ION 
The well-known modified Meyer-K6nig and Zeller operators M• are defined on C[0, 1] by 
Mnf( t )=(1 - t )  n+~f  P n p tp  (te[O, 1)), M~f(1)=f ( l ) .  
p=0 
They satisfy (H1) for k = 3, 4, 5 with fl = {2, . . . ,  k - 1}. See [9] for k - 3 and [10] for k = 4, 5. 
Besides, (H2) holds true for these values with An - n and p(t) = t(1 - t)2/2. This has been 
recently shown in [10]. 
In order to check that (H3) is also satisfied for k E {3, 4, 5}, first of all, proceeding as in the 
previous ection, we form the differential equation (2) and define below three linearly independent 
functions, ul, u2, u2 which, together with e0, . . . ,  ek-2, form a fundamental system of solntions of 
its own 
ul(t) : :  t logt,  uz(t) := ( i -  t) log(1 - t ) ,  u3(t) : :  l og(1 - t ) .  
Thus, the functions z~ : Dk-lui, i : 1, 2, 3 constitute a fundamental system of solutions of the 
corresponding equation (3). We detail them in Table 1. 
Table I. 
zl(t) 
1 k=3 
1 k=4 t 2 
2 k=5 
t3 
z2(t) z3(t) 
1 1 
1 2 
( l - t )  2 (1 - tp  
2 6 
(1-t)3 (1-t)4 
Now,  using an elementary result of the theory of linear differential equations, the validity 
of (H3) is equivalent to the following condition: 
Dlzz(a) Dlz2(a) Dlza(a) 
Dlzl(b) Dlz2(b) Dlz3(b) ~ 0, 0 < a < b < 1, (4) 
zl(a) z2(a) z3(a) 
which is easily checked after a brief analysis, maybe with the aid of a computer program. Table 2 
shows the value of this determinant for each case. 
Hence, we are in the position to apply Lemma 1 and Theorem 1 to obtain the following result. 
COROLLARY 1. Let a,b C (0, 1), 3 < k < 5, f e ck[0,1]. Then, DkMnf(x) - Dkf(x) : o(n -1) 
at each point x e (a, b), if and only if the restriction of f to the interval (a, b) belongs to the 
]inear space spanned by co,. • •, ek-2, Ul, u2, u3. 
k=3 
k=4 
k=5 
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Table 2. 
.~-4ab 2 + b2(1 + b) + a2(-1 + 3b) 
(-1 + a)4a2(-1 + b)3b2 
_ 4 (-9a2b 3 -}- 3ab 3 (2 + b) - b3(1 + 2b) + a 3 (1 - 4b + 6b2)) 
(-1 -}- a)6a3(--1 -}- b)4b 3 
72 (-16a364 - Sab4(1 + ~) + 6a264(3 + b) + b~(1 + 3b)+ a~ ( -1  + 5b -- 10b 2 + 1063)) 
(--1 + a)Sa4(--1 + b)Sb4 
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